A variational principle that uses the energy as the target functional under some constraints explains the creation of the relaxed state with a rigid-rotation flow confining a high-beta plasma.
I. INTRODUCTION
Satellites' observations [1] [2] [3] [4] of Jupiter's magnetosphere discovered a high-beta, diskshaped plasma with a high-speed flow co-rotating with the planet. The pressure observed in the magnetosphere falls monotonically toward the plasma boundary, which indicates a "confined" plasma [5, 6] . In this paper, we present a model that explains the creation of such a structure.
As for Jupiter's magnetosphere, we have some theoretical models, which are categorized by two classes. The first one is the empirical model that calculates the magnetic field with the expanded spherical harmonic functions by fitting the expansion coefficients with the observational data [7] [8] [9] , and the second one is the "disc-model" that calculates the selfconsistent magnetic field and pressure by solving the axisymmetric force-balance equation that is governed by the stationary ideal magnetohydrodynamics (MHD) equation with a toroidal flow [10, 11] . To obtain the pressure profile, we need to invoke the disc-mode, however, the ideal force-balance equation alone is not sufficient to determine an equilibrium structure of a plasma -profiles of some "characteristic quantities" must be given as "Cauchy data" to solve the partial differential equation of the force-balance condition [12] .
These characteristic quantities correspond to the "Casimir invariants" of the ideal momentum balance equation. In a perfectly dissipation-less plasma, these Casimir invariants may assume arbitrary profiles. However, in a real plasma with a small but finite dissipation, they may rearrange to achieve a "relaxed state." J.B. Taylor's pioneering work [13] introduced a variational principle to explain the creation of a "force-free" relaxed state where the characteristic quantities are selected as pressure = 0, flow = 0, and the current parallel to the magnetic field. The idea was the minimization of the total energy with an appropriate constraint . The constraint is imposed by a macroscopic conservation law that is more robust than the constancy of the total energy during the relaxation process. Taylor's variational principle invoked the magnetic helicity as the relevant constant of motion.
The present paper chooses a similar strategy to model the equilibrium of Jupiter's magnetosphere. Important issues to be addressed here are the characteristic rigid-rotation flow and the high pressure . Both of them are totally contradicting with Taylor's model. There are some related works that attempted to explain different type of relaxed states with assuming different constraints. For example, adding the constraint on the total mechanical angular-momentum, we can obtain a rigid-rotation flow [14] [15] [16] . However, a pressure rises toward the boundary because of the centrifugal potential of the obtained flow. We need a new input for the model, which forces us to extend the framework of the conventional variational principle. Here, we consider a "fragile constant of motion" that is conserved in a rather restricted relaxation process.
We propose a variational principle with restricting the total "canonical angularmomentum" (or equivalently the total magnetic flux). While the total mechanical angularmomentum is a robust constant of motion, the total canonical angular-momentum is conserved when the system stays quasi-axisymmetric. We will show that the restriction of the total canonical angular-momentum yields a confined plasma. Its interesting connotation is that the quasi-axisymmetry through the relaxation process is essential for the creation of equilibrium confining a high-pressure plasma. Our finding is that the macroscopic conservation law of the total canonical angular-momentum underlies the creation of structure that resembles Jupiter's magnetosphere.
Here, we clarify the target of our model. Since the ideal MHD equations are employed in this paper, the model fails to capture the phenomena occurring near the planet, where the non-ideal effects become significant. In addition, since the quasi-axisymmetry during relaxation process plays a crucial role in the present theory, the model does not apply to the region far from the planet where asymmetry due to the outer current system become prominent. Therefore, our model applies to the middle region of the magnetosphere, as is discussed at length in the next section. This paper is organized as follows. In Sec.II, we construct a relaxation model by use of the total canonical angular-momentum (total magnetic flux) as a constant of motion, and derive a resultant relaxed state. The condition under which the total canonical angular-momentum conserves is shown to be quasi-axisymmetry of the system. We discuss the confinement of non-neutral plasmas as a relevant phenomena. In Sec.III, we modify the relaxed state equation to apply it to Jupiter's magnetosphere, where it is required to connect the region in the relaxed state to vacuum gradually. We solve the equation numerically in a dipole magnetic field and compare the results with the observational data. We summarize our results in Sec.IV. 
where we use the representative values of Jupiter's magnetosphere as the normalization parameters, summarized in Table I . The gravity can be neglected in the magnetosphere.
We assume that the plasma fills a torus domain D, and that the boundary conditions are
where ∂D is the surface of torus and n is the unit normal vector onto ∂D (n · e θ = 0 in the cylindrical coordinate r-θ-z). We assume the homogeneous density n = 1 in this section, which indicates the incompressible flow ∇ · V = 0.
Under the boundary condition (4), the MHD equations have the following macroscopic constants of motion,
where dv is the volume increment and A is the vector potential (B = ∇ × A).
In this paper, we limit our considerations to the system that has the structure similar to the Jupiter's "middle magnetosphere" [17] . In the region between the planet and the middle magnetosphere, which is called "inner" magnetosphere, the magnetic field is dominated by the planetary dipole field, which is observed to be within ∼ 6R J where 1R J = 7.14 × 10 m is the Jupiter's radius. The middle magnetosphere is the region where the effect of azimuthal plasma current modify the dipole field by stretching the field lines in radial direction, and is observed to be within ∼ 30R J . In the middle magnetosphere, the observations revealed that the structure of magnetic field in the day side resembles the one in the night side [18] , and that the departure from the dipole magnetic field, which is attributed to the plasma current, differs little in the day and night sides until 30R J [7] . Beyond 30R J , the asymmetry due to the magnetopause and tail current systems become significant. Thus, it is reasonable to assume that the system of Jupiter's middle magnetosphere is quasi-axisymmetric. The assumption of quasi-axisymmetry may introduce a new constant of motion in the system.
In a symmetric system, it is known that the total magnetic flux conserves. The total flux is defined as
The conservation of P is equivalent to the conservation of the total canonical angular-
if either the vector potential or the flow field is axisymmetric, P is a constant of motion.
Following the mean-field MHD equations for quasi-axisymmetric system [19] , we decompose each field into an axisymmetric mean field varying on the large scale and a weak small- 
Thus, when the average of fluctuations' cross-product has no azimuthal component, P is a constant of motion even if the fields are not completely axisymmetric. Such a condition is realized, for instance, if the fluctuations are uncorrelated, i.e., Ṽ ×B = Ṽ × B .
From hence we use the term "quasi-axisymmetry" to represent the state that the constancy of P is warranted.
The assumption of the quasi-axisymmetry enables us to use the total magnetic flux P as a constant of motion. We search for a relaxed state characterized by the following variational principle
where µ 1 , µ 2 , ω 0 and Ω 0 are some constants. Variations with respect to A and V , under the boundary conditions n × δA = 0 and n × δV = 0, yield Euler-Lagrange equations,
From (11), it turns out that µ 2 denotes the ratio of poloidal flow field to the poloidal magnetic field, and that ω 0 denotes the angular speed.
The assumption of axisymmetry allows us to write B and V by Clebsch representation
where Ψ (Φ) is the flux (stream) function and
expressions (12) and (13) reduce (10) and (11) to
with
where L is the Grad-Shafranov operator defined as L = r∂ r (r
and C H is associated with the harmonic toroidal magnetic field. There exists a singularity in (14) when µ 2 2 = 1, which corresponds to the Alfvén singularity [20] . It should be noted that the equilibrium equation (14) does not include arbitrariness of characteristic quantities, which is removed by the variation (9). The pressure is obtained by the following Bernoulli's law as
where the first term of RHS of (18) is the centrifugal potential, the second term shows the dynamical pressure due to the parallel flow, and the third term stems from Lorentz force introduced by the conservation of P . Since Ψ localizes near the origin in the dipole magnetic field (Ψ ∝ 1/r, |B| ∝ 1/r 3 ), (18) implies that the third term can yield the pressure profile that peaks near the origin. Therefore, in the relaxed state prescribed by the total magnetic flux constraint, we may obtain the pressure that falls toward the boundary. If the quasi-axisymmetry is violated (resultantly Ω 0 = 0), the pressure is determined by
Equation (19) indicates that the pressure rises toward the boundary in the dipole magnetic configuration. Thus, the constancy of P plays a crucial role of yielding a relaxed state with the pressure falling toward the boundary, which indicates the plasma confinement.
Involved phenomena can be also observed in a thermal equilibrium of non-neutral plasma in a Penning trap [21] , where the relaxation model based on the kinetic theory is established.
In the model, the constancy of the total canonical angular-momentum P = p θ f dX is directly related to the plasma confinement, where p θ is the particle's canonical angularmomentum and f is the ensemble-averaged phase space density. If the quasi-axisymmetry of magnetic field is violated, P is not conserved, therefore, the confinement of non-neutral plasmas breaks down. It can be said that the constancy of P prescribes the structure creation in the non-neutral plasmas.
III. NUMERICAL ANALYSIS OF RELAXED STATE
The constancy of the total magnetic flux P , the constancy of M and the homogeneous density may be assumed in the center of magnetosphere, however, it is hard to use these assumptions near the boundary. With respect to the region between the center and the vacuum, we modify (14) varying n, ω 0 and Ω 0 from constants. We start by deriving a general equilibrium equation with an incompressible flow and inhomogeneous density. By using the electrostatic potential E = −∇ϕ, the ideal Ohm's law leads to
, where the prime denotes the derivative with respect to Ψ. The characteristic quantity Φ is chosen to represent the relaxed state, that is Φ(Ψ) = µ 2 Ψ , as is given by (15) . The continuity equation (3) requires V · ∇n = µ 2 (∇n × ∇Ψ) · ∇θ = 0, which leads to n = n(Ψ). The momentum equation (1) reduces into the following form,
The pressure is given by
where p s is the pressure without flow. It is noted that (20) and (21) reduce to (14) and (18) respectively by setting
with constant ω 0 and Ω 0 .
We solve (20) in the domain D defined by Ψ > 0 as a free boundary problem, where the boundary is defined by Ψ = 0. In order to get the relaxed state connected to vacuum smoothly, we choose n(Ψ), ω(Ψ) and Ω(Ψ) such that (22) is satisfied in the center of plasma and n = ω = p s = 0 at the boundary. In this paper, we set
where α n , α ω , α Ω , ω 0 and Ω 0 are constants. The functional form of ω imitates the observation in Jupiter's magnetosphere such that the flow profile deviates from rigid co-rotation away from the planet, i.e., the rigid co-rotation flow is realized only in the center [2] . Figure   1 summarizes the calculation model, where we put an internal coil to generate the dipole magnetic field like Jupiter's magnetosphere. In figure 1 , it is shown that the plasma exists inside the planet. However, it should be reminded that the model applies only to the middle magnetosphere and that, as is mentioned in Sec.I, other considerations are required for physical processes that occur in the region near and inside the planet, e.g., ionosphericatmospheric coupling or the radial transport of plasma from Io. and r > 30 respectively (the center region is assumed to be characterized by n > 0.7, and the vacuum is identified with the region without current). The parameter Ω 0 can be used as a quantity that represents the effect of the constraint of total magnetic flux, and we calculated for two cases of (a) with the conservation of P where we set Ω 0 = 2.5 × 10
, and (b) without the conservation of P , i.e., Ω 0 = 0, respectively.
In Fig.2 , we plot the numerical solution and the observational data of the magnetic field intensity in the equatorial plane (z = 0). With respect to the magnetic field intensity, there exists no significant difference between two cases, thus we have plotted the result of case (a). The observational data are calculated from the analytical approximation of the field observed by Voyager 1 and 2 [9] , which is valid for the middle magnetosphere. Figure 2 shows that the numerical solutions of field intensity agrees with the observation well. The contour of Ψ for case (a) is shown in Fig.3 , which indicates the elongated dipole configuration as is observed [2] .
The effect of the constraint of total magnetic flux is clearly seen in the pressure profile. . In Fig.4 , it is shown that the pressure of case (a) falls toward the boundary, which resembles the observational data in the region of middle magnetosphere (10R J < r < 30R J ). On the contrary, the pressure profile of case (b) rises toward the boundary [and falls near the boundary due to the inhomogeneous density and angular velocity, see (21)], and is appreciably different from the observed one. The distinction of pressure profile is clearly explained by Bernoulli's law for each case, (18) and (19) . From the calculation results, the conservation of the total magnetic flux (equivalently, the quasi-axisymmetry during the relaxation process) may play an essential role to obtain the relaxed state similar to the structure of Jupiter's magnetosphere where the almost rigid co-rotation flow and the pressure falling toward the boundary are attained.
IV. SUMMARY
We have constructed a relaxation model that explains the structure created in Jupiter's magnetosphere. The essential point is the introduction of a fragile constant of motion, the total magnetic flux, or equivalently the total canonical angular-momentum. The constancy of the total magnetic flux is realized when the average of fluctuations satisfies certain conditions. Restricting the total magnetic flux, we have obtained the relaxed state with the rigid-rotation flow and the pressure falling toward the boundary, which indicates the confinement of high-pressure plasma. If the condition of quasi-axisymmetry is violated, there exists no potential to yield high pressure near the origin, and resultantly, the pressure rises toward the boundary due to the centrifugal potential, which is appreciably different from the observational profile. Numerical solutions support that the quasi-axisymmetry of Jupiter's middle magnetosphere is essential for the creation of the observed structures. 
